We consider the 2-point function of string vertex operators representing string state with large spin in AdS 5 . We compute this correlator in the semiclassical approximation and show that it has the expected (on the basis of state-operator correspondence) form of the strong-coupling limit of the 2-point function of single trace minimal twist operators in gauge theory. The semiclassical solution representing the stationary point of the path integral with two vertex operator insertions is found to be related to the large spin limit of the folded spinning string solution by a euclidean continuation, transformation to Poincare coordinates and conformal map from cylinder to complex plane. The role of the source terms coming from the vertex operator insertions is to specify the parameters of the solution in terms of quantum numbers (dimension and spin) of the corresponding string state. Understanding further how similar semiclassical methods may work for 3-point functions may shed light on strong-coupling limit of the corresponding correlators in gauge theory as was recently suggested by Janik et al in arXiv:1002.4613.
Introduction
The AdS/CFT duality [1] between the N = 4 SYM theory and the superstring theory in AdS 5 × S 5 predicts, in particular, a relation between planar correlation functions of single-trace conformal primary operators in gauge theory and correlation functions of the corresponding closed-string vertex operators on a 2-sphere. By analogy with the relation between correlators of BPS operators at strong coupling and the supergravity correlators [2, 3] one may conjecture the following equality of the associated generating functionals e Φ·O 4d = e Φ·V 2d .
(1.1)
The l.h.s. in this relation is computed in 4d gauge theory and the r.h.s -in the 2d superstring sigma model. Here Φ(x) is a source 4d field, O is a primary gauge theory operator of dimension ∆ and V is the corresponding marginal string vertex operator 1 [4, 5] with
2)
3) 
5)
U stands for a nontrivial part of the vertex operator that encodes information about other quantum numbers. In general, U depends also on the S 5 coordinates and the fermions present in the superstring action [6] . 2 The structure of the 2-point and 3-point correlators in gauge theory is essentially constrained by the 4d conformal invariance,
Here C 2 depends on normalization of O ∆ (x). The normalization-independent combination C 3 ≡ C 3 [C 2 (∆ 1 )C 2 (∆ 2 )C 2 (∆ 3 )] −1/2 is, in general, a non-trivial function of 't Hooft coupling λ, 1 Precise relation between gauge theory conformal primary operators and marginal vertex operators remains an open problem, though its solution should be aided by recent progress in understanding the spectrum of states based on integrability. 2 Here we indicated just schematic form of the vertex operator. In general, there may be "mixing" between the K-part and U -part (see [5] ); this will not be important in the leading semiclassical approximation ∆ ∼ √ λ ≫ 1 discussed below. dimensions ∆ 1 , ∆ 2 , ∆ 3 and other quantum numbers like spins. So far C 3 is explicitly known for the BPS operators only [7, 8] .
On the string side, the world-sheet conformal invariance and the target space SO(2, 4) global symmetry of the string sigma model imply that for 2d marginal operators that represent highestweight states of SO(2, 4) one should get similar relations (here J stands for some "compact" spin quantum number that label the vertex operator)
is the marginality condition that should be satisfied for a physical vertex operator V ∆,J . As usual, the definition of the string vertex operator correlators on a sphere (complex plane) should include division over the infinite volume of the SL(2, C) Mobius group (which is part of the residual reparametrization gauge freedom left out in the conformal gauge). In flat space this implies the vanishing of the 2-point correlators (which has an interpretation of the vanishing of the tree-level inverse propagator when evaluated on the mass shell). This should no longer be so in the AdS case where the 2-point correlator should have a non-trivial gauge-theory interpretation (1.6). The resolution of this puzzle (suggested in the NS-NS AdS 3 /CF T 2 case [9, 10] with the AdS 3 part described by the SL(2, R) WZW model in [11, 12] ) should be due to a cancellation between the divergent factor δ(0)
|ξ 1 −ξ 2 | 4 and the Mobius group volume factor contained in C 2 . Here 3 the factor δ(0) = δ(∆ 1 −∆ 2 ) ∆ 1 =∆ 2 has its origin in the non-compactness of the symmetry group SO(1, 5) of Euclidean AdS 5 space which is a global symmetry of the string sigma model (this factor should effectively come out of the integral over the zero mode of the "Liouville" field ϕ ≡ ln z where z is the Poincare patch coordinate).
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For a 3-point function of marginal vertex operators one should get a similar expression as in 3 Note that while ∆ i take, in general, continuous values, in the correlator (1.6) computed in perturbation gauge theory δ ∆1,∆2 stands effectively for the Kronecker delta-symbol of integer-valued canonical dimensions of the two operators. 4 Equivalently, the volume of the target space conformal symmetries with 2 marked points should cancel against that of the world-sheet conformal transformations with 2 marked points. It would be useful to make this cancellation argument more explicit by regularizing the divergent factors. Let us note also that the prescription of [2, 3] for correlators of the BPS operators at strong coupling used the Einstein (or the full supergravity) action to define the correlators on the AdS side. The 10d supergravity action follows from the full string theory (expanded near a consistent vacuum) after one subtracts Mobius divergences and massless exchanges and takes the " low-energy" α ′ → 0 limit.
(1.7), i.e.
Here C 3 should again contain the inverse of the Mobius group factor so that C 3 should be a finite function of ∆ i , J i and string tension and should match C 3 in (1.7) (for AdS 3 /CF T 2 examples see [12, 13] ). One may hope to gain some important information about string-theory correlators in semiclassical approximation by considering states with large quantum numbers of order of string
That may then allow one to predict the strongcoupling behaviour of the corresponding gauge theory correlators for non-BPS states. Indeed, as in the analogous limit in flat space [14] , if each of the vertex operators scales effectively as an exponent of the string tension, then the leading √ λ ≫ 1 contribution to the corresponding string path integral should be determined by a classical stationary point. In the case of the 2-point functions of vertex operators (and related Wilson loop correlators) such semiclassical approximation was discussed in [4, 15, 16, 17, 5, 18, 19, 20, 21] . Recently, a similar idea was suggested [22] for the 3-point correlators. While the semiclassical approximation should capture the x-coordinate dependent factors in (1.11) which scale as e √ λ(...)
for ∆ i ∼ √ λ (as was, indeed, demonstrated in an example in [22] ) it is not a priori clear if it is sufficient to shed light on the strong-coupling asymptotics of the non-trivial coefficient C 3 , i.e. whether it also scales as e √ λ(...) at √ λ ≫ 1 (such scaling does not happen in the case of correlators of three BPS operators [7] ).
The discussion in [22] was qualitative in that it did not specify precisely which are the string states under consideration, beyond the fact that they should correspond to known classical spinning string solutions on a 2-cylinder. To be able to address the question about strongcoupling asymptotics of correlators systematically one needs to define the states using vertex operators. One should then gain a better understanding of how a particular structure of the vertex operators representing string states with large quantum numbers translates into the boundary conditions for the corresponding semiclassical world surface, apart from a heuristic requirement that it should end at boundary points in the Poincare patch [3, 22] that are x-space locations of the vertex operators.
This will be our aim below. We shall mainly concentrate on the example of 2-point function of vertex operators representing spinning string state in AdS 5 with S = √ λS, S ≫ 1. As was suggested in [5] , computing this 2-point function semiclassically and demanding the 2d conformal invariance, i.e. the consistency of the result with (1.9),(1.10), should lead to the same relation between the energy (dimension ∆) and the spin as found for the corresponding folded string classical solution [15] in the large spin limit. In [5] this was shown to be true in the flat space limit; a detailed argument for a large spin limit of the spinning string in AdS 3 (and similar orbiting string states in S 5 ) was recently presented in [21] . Ref. [21] used global coordinates while here we shall show how a similar argument can be given in the Poincare coordinates, including also the dependence of vertex operators on the boundary points ignored in [21] . This will allow us to clarify a relation of this vertex operator approach to the approach of [22] . We shall see that the corresponding semiclassical world surface is closely related to the euclidean counterpart of the Poincare patch image [23] of the long folded spinning string -the null cusp surface [24] .
We shall review the basic ideas [5, 21] of the semiclassical approach to the 2-point function of the spinning string vertex operators in section 2. In section 3 we shall consider the case when vertex operators represent a string which is point-like in AdS 5 but may be extended in S 5 . In section 4 we shall discuss our main example -the semiclassical computation of the 2-point function of vertex operators representing spinning string in AdS 5 . Some concluding remarks will be made in Section 5. Appendix A contails details of the argument in section 4 that the stationary point solution for the 2-point correlator is the same as conformally mapped euclidean continuation of the large spin limit of the folded string in AdS 5 .
Semiclassical string states and vertex operators
Let us start with a review of the relation between semiclassical string states and 2-point functions of the corresponding vertex operators. Given a quantum closed string state on a Minkowski 2d cylinder (τ, σ) one may first switch to euclidean time τ e = iτ and map the cylinder into complex plane with two punctures at 0 (τ e = −∞) and ∞ (τ e = +∞) by z = e τe+iσ . According to the standard state-operator correspondence such state may be thought of as created from the vacuum by a vertex operator inserted at the origin of the complex plane. 6 A semiclassical string state with large quantum numbers of order of string tension can be described by a classical solution on original Minkowski 2d cylinder. The Virasoro condition for the classical solution (that relates its energy to quantum numbers like spins) is then equivalent (for large quantum numbers) to the marginality condition for the vertex operator.
There is a similar relation between 4d CFT state on R × S 3 and the corresponding primary operator at the origin of R 4 . The correspondence between a closed string state on R × S 1 in global AdS 5 and a gauge theory state on R × S 3 thus translates into a correspondence between a single trace primary operator at the origin of R 4 and a marginal vertex operator at the origin of R 2 . 7 Below we shall use the string action in the conformal gauge. In general, to recover the two conditions following from the Virasoro constraints one should keep the 2d metric arbitrary and extremise with respect to it before fixing the conformal gauge.
General ideas
When rotating to euclidean world-sheet time it is natural to do similar rotation in the target space, i.e. rotate the global AdS time t
Considering two vertex operators it is useful to map the euclidean 2d cylinder into the complex plane so that the punctures appear at arbitrary finite positions ξ 1 and ξ 2 2) or, explicitly,
One may expect that the analytically continued version of a classical solution on 2d cylinder mapped onto complex plane should then be the same as the world-surface which is the stationary trajectory of the path integral representing the 2-point correlation function of the vertex operators. This stationary point solution should solve the rotated (euclidean-signature) string equations of motion on the complex plane in conformal gauge with "delta-function" sources at ξ 1 and ξ 2 . The role of matching onto these source terms is to relate the parameters of the semiclassical solution to the quantum numbers (energy, spins, ...) that label the vertex operators. The requirement that the resulting correlator evaluated on the stationary point solution takes the conformally invariant form (1.8),(1.10) proportional to |ξ 1 − ξ 2 | −4 is equivalent to the condition of marginality of the vertex operators. It will provide a relation between the parameters which is the same (for large quantum numbers) as the one that follows from the Virasoro condition for the original solution on the cylinder.
This equivalence between the analytically continued and conformally mapped classical world surface solution and the stationary point in the corresponding 2-point correlator of the vertex operators was explicitly demonstrated in [5] in flat space on the example of the vertex operator that describes bosonic string state on the leading Regge trajectory with spin S and energy E
with the marginality condition being S +
where
follows from the conformal gauge constraint. Assuming S is large and transforming (2.5) using (2.1),(2.2) one gets a solution that indeed solves the string equations with source terms coming from the two vertex operator insertions, with the E(S) relation (2.6) now following from the 2d conformal invariance of the resulting semiclassical value of the correlator.
9
It was suggested in [5] that the same relation between the classical solution and the stationary point world surface in the vertex operator correlator should generalise to the case of the spinning folded string solution in AdS 5 [15] . The latter should correspond to a vertex operator like (cf.
Here Y m are embedding coordinates of AdS 5 (see below). By discrete symmetry of the euclidean 8) with ∆ being the analog of E in the 54 boost plane.
The original folded-string solution solves Minkowski AdS 5 string equations defined on a Minkowski 2d cylinder. It describes propagation of a particular semiclassical closed string mode in real time. The vertex-operator 2-point correlator defined on a Euclidean 2-plane may be mapped onto Euclidean 2-cylinder with the vertex operators specifying a particular string state propagating on the cylinder. As in flat space case the relevant semiclassical trajectory should then be a (complex and conformally transformed) analog of the folded string solution.
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Despite the general expectation that the role of the two vertex operators should simply be to implement a proper choice of boundary conditions in mapping the 2-plane back onto the cylinder, i.e. their detailed pre-exponential form should not be that important, the non-linear nature of the string equations and the non-trivial elliptic function form of the solution of [25, 15] precluded the direct verification of this relation in [5] .
One simplification that one can make is to consider the large spin limit of the folded string solution in AdS 5 in which it is stretched all the way to the boundary and takes a simple ("homogeneous") form [26] . As was recently shown in [21] , in this case one can verify that the euclideanized and conformally transformed (2.2) large spin solution represents indeed the semiclassical trajectory saturating the 2-point correlation function of the vertex operators (2.7), with the marginality condition being equivalent to E = S + √ λ π ln S ,
In [21] the vertex operator was chosen in the simplest global coordinate form (2.7) with Y 5 + iY 0 = cosh ρ e it in which there was no dependence on a boundary point x m . This is 9 The shift by 2 (S +
in the marginality condition is of course not visible in the leading semiclassical large S approximation. 10 We mixing with other structures [5] and fermionic contributions that should be irrelevant at leading order of large spin or semiclassical expansion.
11 As was already apparent in the BMN state case with ∆ = J case [4, 5, 18] , one should not attribute a special meaning to the complex nature of the resulting semiclassical trajectory saturating the path integral. Its imaginary nature of is related to external sources one puts in to specify the required boundary/initial conditions. Like in the case of a euclidean gaussian path integral with imaginary sources the result is an analytic function of the quantum numbers, i.e. one is allowed to make analytic continuations.
analogous to ignoring extra spatial momentum dependence in the exponent of the flat-space vertex operator in (2.4). As a result, the x-dependence of the 2-point correlator in (1.9) was not determined explicitly.
Motivated by a possibility of generalization to 3-point correlators and in order to establish the relation to the approach of [22] (were similar semiclassical computations of 2-point functions were done without using explicit vertex operators) here we shall reconsider the case of the 2-point correlator of large spin operators using the Poincare coordinates and explicitly including the dependence on the boundary points. We shall show that the large spin limit of the folded string transformed into the euclidean Poincare coordinates and mapped into complex plane using (2.2) represents the semiclassical surface saturating the large tension limit of the 2-point correlation function (1.9).
AdS 5 coordinates and vertex operators
Let us first recall the basic definitions of global and Poincare coordinates in AdS 5 , their euclidean continuation and the form of the corresponding vertex operators [5] . For the standard Minkowski signature AdS 5 we have (m = 0, 1, 2, 3; i = 1, 2, 3)
where (t, ρ, θ, φ 1 , φ 2 ) are the global angular coordinates related to the Poincare coordinates by 
This does not have a particularly simple form when written in the Poincare coordinates. If instead we label representations by an SO(1, 1) generator in the 54 plane then the corresponding factor will be
where ∆ is the dilatation generator (z → kz, x m → kx m ). The euclidean continuation corresponds to changing the time-like coordinates to
so that eq. (2.9) takes the form
Then the SO(2, 4) symmetry becomes SO(1, 5) which containes the discrete transformation
that relates the factors in (2.11) and (2.12).
To construct a vertex operator parametrized by 4 coordinates of a point at the boundary of the euclidean Poincare patch we should shift x m = (x 0e , x i ) by a constant vector x ′ m , getting the same expression as in (1.4),(1.5)
It should be noted that the choice of the Poincare coordinate form of the vertex operators is natural for comparison to the standard form of correlators of primary operators on the gauge theory side (cf. (1.6),(1.7)) but is not a priori the only one possible on the string theory side: one may choose any coordinates as long as one uses the general form of the vertex operators that includes dependence on the boundary data. Let us start the discussion of semiclassical computation of 2-point function of operators (2.16) with the case when V represents a state which is point-like in AdS 5 (e.g., it may be a string spinning only in S 5 ). Then U will not depend on z, x m coordinates. The simplest example is the BMN state when U = (X 1 + iX 2 ) −J where X I are embedding coordinates of S 5 .
14 The AdS 5 part of the corresponding classical solution t = κτ , ρ, θ, φ 1 , φ 2 = 0 (with κ related to the spins of the S 5 part via the conformal gauge constraints) will be simply a massive geodesic running through the center of AdS 5 but after the euclidean continuation it will be able to reach the boundary (see [18, 22] ). Indeed, continued to the Euclid and written in the Poincare coordinates (2.10) this background takes the form (see, e.g., [27] )
so that for τ e → ±∞ we have z → 0, i.e. the euclidean trajectory reaches the boundary at the two points: x 0e = −1, x i = 0 and x 0e = 1, x i = 0. By a dilatation and translation, we can put the position of the end-points at x 0e = 0 and x 0e = a; the corresponding solution is then
Let us now show that mapping this solution onto the complex plane by (2.2) gives a singular configuration that coincides with the semiclassical trajectory for the correlator of two vertex operators (2.16) inserted at the points x m = (0, 0, 0, 0) and x ′ m = (a, 0, 0, 0). Assuming 12 Since translations of x m are part of the conformal group this corresponds to a particular SO(1, 5) transformation applied to (2.12). 13 For example, to construct the analog of (2.16) in global coordinates one is to apply the inverse of the transformation (2.10) to z(ξ) and x m (ξ) there.
14 The euclidean stationary point solution for coordinates of S 5 will be in general complex, see [4, 16, 18, 5, 21] .
∆ ∼ √ λ ≫ 1 so that the correlator can be approximated by a semiclassical trajectory, the corresponding euclidean string action in conformal gauge including the contributions of the source terms coming from the two vertex operator insertions is (∂ = 1 2
Here A e (S 5 ) is the S 5 part of the action which will be relevant only for the |ξ 1 − ξ 2 |-dependent part of the correlator, i.e. for the check of the marginality condition relating ∆ with S 5 quantum numbers as in the examples discussed in [5, 21] . The resulting equations are solved by x i = 0 while the equation for x 0e reads
Using (2.3) and (3.2) we have
∂τ e and then the l.h.s. of eq.
On the solution (3.2) we also have
and then eq. (3.4) is satisfied by (3.2) provided
It is straightforward to check that the equation for z following from (3.3)
is again satisfied by (3.2) with (3.6). Evaluating the action (3.3) on the classical solution (3.2) mapped according to (2.3) we get (using (3.6) and that on the solution
The final expression for the semiclassical approximation for the 2-point correlator is then consistent with (1.9)
where γ(J) = J 2 √ λ +... stands for the S 5 contribution. The condition of the world-sheet conformal invariance, i.e. the marginality condition (1.10) then relates ∆ and S 5 spins (J, ...). This will be the same relation as between the energy E and the spins that follows from the Virasoro condition for the original Minkowski-signature real solution representing the corresponding semiclassical string state (see also [21] for some explicit examples).
The scaling ∼ a −2∆ of the 2-point correlator with the boundary point coordinate is of course a simple consequence of the conformal invariance of the classical string action and of the fact that the vertex operators have definite scaling dimensions: it follows from doing the rescaling z → az, x m → ax m in the path integral. The same will be true in the spinning string case discussed in the next section. 
where we set (cf. (2.5))
We shall consider the correlator
We are going to demonstrate that the semiclassical trajectory that saturates the 2-point correlator is equivalent to the conformally transformed (2.2) euclidean continuation (2.1) of the asymptotic large spin limit [26] of the spinning folded string solution in AdS 3 [25, 15] , i.e.
Here θ = φ 2 = 0 and (τ, σ) are coordinates of 2-cylinder. The background (4.4) approximates the elliptic function solution [15] in the limit κ = µ ≫ 1 on the interval σ ∈ [0, ]; to get the formal periodic solution on 0 < σ ≤ 2π one needs to combine together 4 stretches ρ = µσ of the folded string as in Figure 1 (see also [28, 29] ). The condition κ = µ follows from the Virasoro constraint and implies the well-known relation between the corresponding energy and spin [15] Below we shall formally treat κ and µ as independent, recovering their equality from the requirement of 2d conformal invariance of the semiclassical value of the 2-point correlator.
The formal euclidean continuation (2. 
In the euclidean Poincare coordinates (2.10) we then find
8)
While in the Minkowski Poincare coordinates the string moves towards the center of AdS, rotating and stretching, after the euclidean continuation the world surface described by (4.8) approaches the boundary (z → 0) at τ e → ±∞ with x 0e (±∞) = ±1. Performing a simple dilatation and translation to ensure that x 0e (−∞) = 0 and x 0e (∞) = a as above in (3.2) we get z = 2 a 1 cosh(κτ e ) cosh(µσ) ,
Here the values of the argument ρ = µσ are as in Figure 1 . Explicitly, the end-points of the euclidean world cylinder are mapped to τ e → +∞ :
Note that if we further analytically continue x 2 → ix 2t to make the solution real in the Poincare patch (which will have again the Minkowski signature) then the resulting surface will be ending not on points but on null lines. It will be, in fact, equivalent to the null cusp [24] surface which was already shown [23] to be related by similar transformations 17 to the asymptotic form of the folded string solution.
The final step is to transform the solution (4.10) to the complex ξ-plane by (2.2), i.e. to express τ e and σ in (4.10) in terms of ξ using (2.3), with τ e → ±∞ corresponding to ξ → ξ 1,2 . As demonstrated explicitly in Appendix the resulting solution is the semiclassical trajectory for the correlator (4.3) provided the parameters κ and µ are related to the quantum numbers ∆, S carried by the vertex operators as in the original folded string solution
The value of the effective semiclassical action evaluated on this solution leads to (see Appendix)
The marginality condition (cf. (1.9),(1.10)) implies, for large κ, µ,
We thus find that the 2-point function (4.14) scales with a as expected for a 2-pont function of the minimal twist gauge theory operators at strong coupling.
Concluding remarks
We have seen how to relate the solution representing a semiclassical string state with large AdS spin with the stationary point surface in the 2-point correlator of the corresponding vertex operators. Similar relation should apply to other semiclassical states and associated vertex operators. That may help determine the structure of the latter. Since classical closed string solutions have integrability-based description as finite gap solutions, it should be possible to give an equivalent description of the stationary point surfaces "ending" at 2 points on the boundary of the Poincare patch. It would be interesting to make this description explicit, keeping in mind though that generic stationary point surfaces will be complex.
An obvious next question [22] concerns surfaces associated to 3-point correlators and if integrability may help in constructing them. They should be related to classical solutions describing semiclassical decay of a spinning string into two strings where one needs to consider the world sheet as a cylinder with a singular point where interaction takes place. The resulting surface will be equivalent to a sphere with 3 punctures. Such solutions may be possible to construct following [30, 31] . A related interesting problem is how to construct Wilson loop surfaces ending on 3 finite contours. Exactly the same equation was already discussed in a slightly different context in [21] . For completeness, we will repeat its analysis here. For large µ we can replace sinh 2 (µσ) with e 2µσ . Next, we know that away from singularities this equation is satisfied and, hence, our aim is understand how to match the singular contributions. For this we have to recall that the actual solution must be a periodic function of σ, that is e 2ρ = e 2µσ should be understood in the sense of Figure 1 . This periodic function may be expanded in Fourier series in σ ∈ (0, 2π), i.e. f (σ) = n c n e inσ and then σ may be replaced by ξ using (2.3). It is straightforward to see that if φ has a logarithmic behavior, the singular contribution to the l.h.s. of (A.5) may only come from the constant Fourier mode of Let us now evaluate the action (A.1) on this solution. The string action (the first line in (A.1)) is easier to compute if we go back to the (τ e , σ) cylinder coordinates: Ignoring the obvious one-point function divergence (∼ ln(0)) we obtain
It is straightforward to evaluate the remaining delta-function terms in (A.1) using the relation between κ, ∆ and S (A.12); one finds
where we again neglected the ∼ ln(0) terms. Combining (A.23) and (A.24) we end up with 25) so that e −Ae leads to the expression in (4.14).
